Abstract Virtual material design is the microscopic variation of materials in the computer, followed by the numerical evaluation of the effect of this variation on the material's macroscopic properties. The goal of this procedure is an in some sense improved material. Here, we give examples regarding the dependence of the effective elastic moduli of a composite material on the geometry of the shape of an inclusion. A new approach on how to solve such interface problems avoids mesh generation and gives second order accurate results even in the vicinity of the interface. The Explicit Jump Immersed Interface Method is a finite difference method for elliptic partial differential equations that works on an equidistant Cartesian grid in spite of non-grid aligned discontinuities in equation parameters and solution. Near discontinuities, the standard finite difference approximations are modified by adding correction terms that involve jumps in the function and its derivatives. This work derives the correction terms for two dimensional linear elasticity with piecewise constant coefficients, i.e. for composite materials. It demonstrates numerically convergence and approximation properties of the method.
Introduction
Modern composite materials are designed to have all the good properties of their constituents while avoiding the bad ones. For example, light and strong materials can be manufactured by reinforcing a lighter matrix material with properly oriented heavier and stronger fibres. Virtual material design is the microscopic variation of materials in the computer, followed by the numerical evaluation of the effect of this variation on the material's macroscopic properties. The goal of this procedure is an in some sense improved material. However, the numerical solution of elliptic equations with discontinuous coefficients continues to be a challenge to the mathematics and engineering communities to this day. The Immersed Interface method by Li and LeVeque [3] is one approach to deal with such discontinuities. The ability to solve interface problems even for large contrast cases, i.e. when the quotient between coefficients on the two sides of the interface is large, was achieved after some modifications to the original IIM, [4, 12] , and is notably the main reason for the existence of the Explicit jump version. The availability of a fast solution methodology for boundary value problems, and the fact that the Explicit Jump Immersed Interface Method does not require any grid generation lead to the use of the EJIIM for elastostatic design problems in [10] . Such problems are characterized by the fact that the equations of linear elasticity need to be solved repeatedly in quite complicated geometries. These geometries vary from one design step to the next, and avoiding mesh generation between elastostatic solves is a huge advantage.
The current work on EJIIM for composite materials was begun in [7] for several reasons. The explicit treatment of the interface conditions allows to naturally deal with any boundary conditions that might be appropriate at the interface. Because cracks usually start at points of high stress and these in turn often occur near the interface, the second order quality of the solution even at the interface is attractive. And last but not least, because we are interested in designing the material, thus in many solutions on varying geometries, avoiding mesh generation is a great advantage. In fact, the second order discretization for composite materials in 2d is completed in the Appendix of this paper, and work for porous materials in 3d is presented in [9] , together with more analytical work in [8] . What is still missing from completely achieving a great method for virtual composite material design is the fact that the fast iterative solver technologies from the Poisson-type equations [4, 12] and boundary value type problems for linear elasticity [11] could not yet be carried over to the composite material elastostatic case [7] . This lack of a fast iterative solver is the reason why this work is currently only feasible in 2d in terms of computation time. We now believe that multigrid and adaptive techniques will be needed to reach the solution speed previously achieved by the EJIIM discretization approach coupled with FFT-based fast solvers [11] while keeping the solution quality that results from the second order discretization.
In Section 2 we summarize the equations of isotrope linear elasticity (Navier or Lamé equations) in a bounded domain and analytic jump conditions at a material interface. Section 3 gives the principle ideas of the Explicit Jump Immersed Interface Method. The next Section 4 illustrates the second order convergence of the approach and compares with previous numerical results. In Section 5, the dependence of the effective elastic moduli of the material on the variation of the geometry of the inclusion is illustrated by examples. We conclude with Section 6.
Model equations
We consider the equations of isotrope linear elasticity (Navier or Lamé equations) in a bounded domain ∈ R 2 with sufficiently smooth boundary:
where f : → R 2 is the body force and u = (u, v) T is the displacement vector. Coefficients μ and λ are Lamé moduli. The stress tensor is
The boundary conditions are given as prescribed displacements u = u on ∂ D or by acting tractions σ n = S on ∂ T , where n is the outer normal to . We require
and length(∂ D ) ≥ δ > 0 and consider a situation when μ and λ are piecewise constant functions. This models a composite consisting of homogeneous isotrope phases. To easiest write the conditions of perfect contact we consider the divergence form of the equilibrium equation (1):
To keep things simple, we consider only two phases, occupying domains + and − , = + ∪ − with coefficients λ + , μ + and λ − and μ − respectively. The coefficients λ and μ are discontinuous along some sufficiently smooth interface that does not intersect the boundary of the computational domain. At we have the interface conditions
In the case of perfect contact (2),ū = 0 and g = 0.
Here by [.] we denote the jumps, i.e.,
for some function p and
Note that ifū is not zero, this term enters (2) as dipole source along and that if g is not zero, it enters (2) as delta source along .
The principle ideas of EJIIM
As one of the extensions of the original Immersed Interface Method [3] , the EJIIM was developed for Poisson-type equations in [12] . In [10] , the EJIIM was developed for the linear elastic case boundary value problem that arises by embedding an irregularly shaped object in a rectangle, and the EJIIM and the Level Set Method [6] were used for optimal shape design with respect to plane stress/strain problems for domains with non-grid aligned boundaries but with constant material parameters. From the original IIM the idea of using a regular grid in spite of interfaces is kept. The corrections are added more similar to the earlier work [5] . Here, we concentrate on composite material problems, i.e. on the treatment of discontinuities in the equation coefficients. For the treatment of boundary conditions as jump conditions see [10] .
As basis for the EJIIM discretization, we use the central finite difference approximation on equidistant grid with mesh width h. The grid points are (x i , y j ) and the function values are denoted by p ij := p(x i , y j ). The second order derivatives of some function p(x, y) are approximated by
The standard central finite difference Lamé operator h is defined as
We call points regular when the 9 point stencil of the standard central finite difference discrete Lamé operator h is not cut by the interface, all others irregular points. At regular points we can use the standard h , as there the approximation is of the second order with respect to the mesh width h. At irregular points, solution dependent correction terms that reduce the truncation error to first order are added:
This turns out to be enough to keep the second order convergence of the solution, [8] . For example, in a situation like in Fig. 1 The corrected finite difference approximation of the derivatives in the symmetric form in this situation is
where
and (x α , y α ) are the coordinates of the intersection point α.
In short, the correction terms can be always written in a form
with s counting the intersection points, α s denoting the intersections of the interface with the grid lines and some coefficients ψ m,s . The essential distinction of the EJIIM is to explicitly introduce the jumps as variables in the discretized system. From expressions (6)- (8) we see that at each intersection point 12 jumps are entering the approximation:
The necessary additional equations are found expressing interface conditions as jump conditions that use only one-sided limits of derivatives at the interface. These limits are discretized by extrapolation of function values at the grid points on one side of the interface. We use the least squares fit for a second order polynomial. It can be briefly written as
whereF u denotes some vector of constants, containing, e.g., given jumps at the interface and d u s, (i, j) are appropriately chosen coefficients multiplying the solution values U i, j that are non-zero only in a one-sided neighborhood of the interface point, see [10] for details.
The complete discretization can be written as
where A is the standard finite difference matrix, F is the discrete right hand side function, is the correction matrix (see (5) and (9)), J is the vector of the additional jump variables, I is the identity, D approximates the jump conditions (see Appendix) with components d u and
T comes from the extrapolation (10) . Note that in this case, A has non-constant coefficients, different from the Poisson equation case [12] and the single material elastostatic case [10, 11] . This prohibits the use of an FFT based fast solver for the Schur-complement of the jumps, that requires constant coefficients. For more details regarding (11) we refer to [10, 12] . The expressions for jumps in the case of composite materials in elasticity are given in the Appendix A. For the homogeneous jump case they were first derived in [7] .
Remark 1
The original IIM is using the orthogonal projections of the irregular points onto the interface to define the positions for the additional jump variables. In our case they are defined at the intersection points, what leads to simpler expressions of the correction terms and easier implementation. If working with jumps in normal and tangential jumps instead of the Cartesian ones, the usage of orthogonal projections as jump positions might be preferable.
It can happen that two intersection points lie very close together. If the onesided extrapolation would give very different values for each of these points, solvability of the discrete problem might be influenced. However, in our case the onesided extrapolation is done by a least squares fit, which guarantees sufficient smoothness of the onesided values. Another aspect is that if two intersection points are very close, they will definitely have different type, like one of them will cut a line parallel to x axes, whereas another will cut a grid line in y direction. Thus those intersection points will affect different discrete derivatives. If two intersection points of the same type are very close together, it means that the interface is just touching the grid line. In such cases the interface is shifted slightly so that the touching does not happen.
We observed that iterative solvers applied to the full system (11) take a long time to converge or fail to converge at all, and use a direct solver instead. We conjecture that a fast iterative solver approach to (11) as is already available for the boundary value problem case will greatly alleviate these difficulties with iterative solvers and make the current approach also applicable for 3d problems. An alternative would be to seek for a good preconditioner to (11) .
Remark 2 Up to now we have not been able to analyse the EJIIM system completely, so the reason for the iterative solvers to fail on the full system is not yet clear to us. For the problem where the fast solver is available, like composite material Poisson equation or boundary value problems in elasticity [8, 10, 12] we have observed the same poor behavior of the full EJIIM system. However, passing to the Schur complement for the jump variables, changes the situation completely and only few GMRES or BiCGSTAB iterations are needed to find the solution. See [8, 10, 12] for few examples.
Our method is very similar to the IIM by Yang and Li [13] , where the IIM was applied to two dimensional composite material problems in linear elasticity.
Specifically, the similarities are -Both methods use the standard central finite difference approximation at regular points. -At irregular points, essentially the standard nine point stencil is used. The truncation error is reduced to first and higher order terms. This is known to be sufficient for second order convergence from numerical experiments. Significant progress towards a proof of this statement is made in [8] . Higher order corrections are easily incorporated but improve only the smoothness of the error [12] . -To reduce the truncation error at the irregular points, information about the known jumps, their arclength derivatives and jump in the right hand side of the equation is used.
On the other hand, there are significant differences:
-The idea of deriving the schemes is different. The IIM keeps the truncation error down by an underdetermined coefficients approach at the stencil points and adding a constant correction term. That is, the IIM computes a least-norm solution of an underdetermined system that arises from having more coefficients than equations that need to vanish. EJIIM uses the standard central finite difference approximation and adds correction terms, depending on the jumps in the function and its derivatives. These correction terms are found by least-squares solving an overdetermined system that arises from approximating more than 10 function values by a quadratic polynomial.
-EJIIM introduces explicitly the unknown jumps as additional variables in the system. To find additional, needed jump relations, extrapolation from one side is needed. Thus, approximation at the irregular point actually involves also all grid points which have been used in the extrapolation process. The stencil is larger than for the IIM. -IIM uses optimization approach to guarantee a sign condition of the resulting matrices. -Because of one-sided extrapolations near the interface, EJIIM leaves the freedom in selecting the extrapolation side if apriori information about the smoothness of the solution is available. Also, this one-sided extrapolation makes the EJIIM directly applicable to boundary value problems.
Examples

Convergence tests
Convergence analysis of the EJIIM has been completely done only for one dimensional problems [12] . For the two and three dimensional cases, some theoretical analysis is done in [8] and numerical tests have confirmed second order convergence for the discretization of Poisson-type operators (porous and composite materials) and for linear elasticity in the case of the porous media. To see if this is the case also here, we first check the convergence with analytically known solutions. Second order finite difference schemes often integrate polynomials up to second order exactly. This is also the case for EJIIM. We always have two possibilities in choosing the "-"-side for the formulas in the Appendix A. If the inclusion has been selected as "-" side, we call it inner EJIIM, otherwise outer EJIIM.
Example 1 This example is taken from Yang, Li and Li [13] . We recall the problem setup. The computational domain is = (−1/2, 1/2) 2 and the inclusion is an ellipsoid, parameterized by x 2 + 4y 2 = 0.35 2 . The geometry is shown in Fig. 2 , left. Originally in [13] , the Poisson's ratio ν and shear modulus μ are given. The Lamé coefficient is found by λ = 2μν/(1 − 2ν). This results in λ incl = 1.8642e+6 and μ incl = 2e+6 in the inclusion. The material parameters of the matrix are λ matr = 1e+6 and μ matr = 1.5e+6. Note that this is a so-called low-contrast problem, i.e. the properties of the two materials on the two sides of the interface are very similar. Also, it has the simplification that [u xy ] = [v xy ] = 0. The Dirichlét boundary conditions and the interface conditions are determined from the following exact solution: The convergence results are shown in Table 1 , where n denotes number of grid points in one direction. We see that we get results of practically the same quality as [13] .
Example 2 The interface is parameterized by x = kr cos θ + x c , y = kr sin θ + y c , r = r 0 + 0.15 sin(wθ ). It has been adapted from [4] . We have taken k = 0.55, (x c , y c ) = (0.5, 0.5), r 0 = 0.45 and w = 5. The shape of the inclusion is shown in Fig. 2 , right. The material parameters have been taken to be the same as in the first example.
We consider also the more general situation, where the jump in the mixed derivatives is not zero, unlike Example 1. Also the other jumps in the second order derivatives are not constant. The exact solution is taken to be: 
The convergence results are summarized in Table 2 , where again n denotes the number of grid points in one direction. We see that second order convergence is achieved. Typical for the Immersed Interface methods is a sharp resolution of the interface and no smearing of the solution as clearly seen in Fig. 3 . The results are summarized in the Table 3 , again n denotes the number of grid points in one direction.
We observe superconvergence. This means that the step sizes are not yet in the range where we really have second order convergence. The results are quantitavely worse than in the Example 2. However, it is notable that also in the case of high contrast the behavior is still stable and we do not get any oscillations at the interface.
Remark 3 When solving the resulting linear system, there are three possibilities. Experience with problems where it was possible [8, 10, 12] shows that the best choice is an iterative solver for the short Schur complement, that is, the Schur complement for the jump variables. Another alternative is solving the full EJIIM system. Here we have seen that direct solvers behave much better than iterative ones. Finally, we can solve the long Schur complement, expressing from (11) the variable
which gives some memory improvement in comparison with the full EJIIM system (11) . This is also the way how our computations have been done. The runtimes of all examples are measured in minutes for n = 321 grid. So, for example, the "flower" example with outer differences, which is the sense of computational memory requirements the worst example from those reported here, was solved in 823 s on a notebook with 1.69 GHz processor and 512 MB RAM, implementation in Matlab 7. It has to be mentioned here that only 207 s were needed for solving (12) . The most time is spend on constructing the matrix D. This, however, is caused by the Matlab programming language, as computing of matrix D could not be vectorised.
Effective elastic moduli
The method presented here is based on the strain energy conservation principle, see e.g. [1] , page 12: the effective stiffness tensor is defined through the equality of the strain energy stored in the heterogeneous media to the strain energy stored in an equivalent homogeneous elastic media.
For an overview about engineering methods to determine the effective elastic moduli we refer to [1] . A similar, more mathematical approach is homogenization [2] .
Note that even if both phases of the composite are isotrope the resulting material does not have to. In contrast to the Lamé equations (1), the behavior of materials with arbitrary anisotropy is characterised by
where C is so called stiffness tensor and contains the information about the material properties. With ε we denote the strains:
The only information about C which is available in the general case is that C is symmetric and positive definite. In the special case of isotrope material, we have
and then the equation (13) reduces to (1).
The total strain energy in the domain is defined by
For arguments following later in this section we will need that for two strain vectors ε 1 and ε 2 and constants α 1 , α 2 it holds
In a representative volume element (RVE) the microstructure is replaced by a homogenized material with displacements u H , effective stiffness tensor C H and strain vector ε H . The corresponding strain energy of the effective material is
We require that the displacements of the original and homogenized material coincide on the boundary of the RVE. That means u = u H on ∂ . Then strain vectors are computed from the displacements. The averaged (effective) stiffness tensor is defined in such a way that the strain energies of the original and the effective material are equal:
Algorithm
Of course, as the homogenized material is some kind of "approximation" to the original, we can not expect the relation (17) to hold for arbitrary displacements and arbitrary strains. Instead, we require it to hold in the space of constant strains ε H . This space is generated by linear displacements u H . The following three basis vectors in the constant strain space are selected:
where parameter 0 < α 1 allows us to remain in the regime of linear elasticity.
Three displacements which generate the base strains in (18) are
The set of experiments is not unique and is illustrated in Fig. 4. 
1.
2. 3. corressponding field of local displacements, it is, u satisfies the homogeneous equation (1) and the Dirichlét boundary conditions are given by u| ∂ = u H | ∂ . Let ε be the corresponding local strains.
As u H is linear, it can be expressed as linear combination of displacements in (19)
As solution of the homogeneous equation (1) depends linearly on the boundary conditions, also for the local displacements we have 
This means, in the space of constant strains the energy is conserved if the effective stiffness tensor C H is selected according to (22).
Example
We take a composite material consisting of epoxy matrix and glass inclusions, the material parameters are taken from Example 3. The shape of the inclusion is ellipsoidal, characterized by
We change the axis in x-direction, a, from 0.2 to 0.45. The second radius, b, is selected in such way that the area of the ellipse is always 0.3. The domain is (−0.5, 0.5) 2 and (x c , y c ) = (0, 0). All calculations are performed using 120 grid points in each direction for the grid.
As the inclusion is symmetric with respect to the x and y axis, we expect at least ortho-trope symmetry. In the result summary in Fig. 6 we see that indeed the entries C Fig. 7 The effective engineering constants corresponding to the stiffness tensor in Fig. 6 . On the x-axis we mark the length a of the ellipse in the x-direction this we can proceed one more step and extract engineering constants. For ortho-trope materials, the stiffness tensor is given by
where K i is the Young's moduli in the i − th direction, μ is the shear modulus and ν ij is the Poisson's ratio for transverse strain in the j-th direction when the material is stressed in the i-th direction. Using this form of C, we find that
The effective parameters are shown in Fig. 7 . Note that all curves are symmetric about the valueā = √ 0.3/π because with the axes pair (a, b ) we have also included the pair (b , a). The pointā corresponds to the circular inclusion (thick line in Fig. 5 ).
For virtual material design, the dependence of these effective parameters on the shape and position of the inclusion as well as on the contrast of the individual properties is highly significant. To design a material with given effective properties, one needs to compute the effective properties for many trial geometries rather quickly. This will be possible with the current methodology even in three space dimensions once the final building block, a fast iterative solver for composite elastic materials, is found.
Conclusions
We have applied the Explicit Jump Immersed Interface Method (EJIIM) to composite material problems in planar linear elasticity. The EJIIM is a finite difference method, where the standard central finite differences are corrected by jump-dependent correction terms in the case when the standard stencil is affected by the interface. The essential distinction of the EJIIM is to explicitly introduce the jumps as variables in the discretized system. Additional equations are found expressing interface conditions as jump conditions that use only one sided derivatives. The one sided limits of derivatives on the interface are discretized by extrapolation of function values at the grid points on one side of the interface. From the point of view of the EJIIM discretization, singular source term problems, boundary value problems and discontinuous coefficient problems differ only by the expressions used in the first step.
The EJIIM approach leads to large scale and not always well-conditioned linear systems of equations. Solving these equations is by no means trivial, and unfortunately the FFT-based techniques that are available for the Poissontype equations for composite problems and boundary value problems and for linear elasticity in the boundary value case could not yet be transferred to the composite material elasticity case. Thus, good preconditioning and solution techniques are still open questions.
In this paper we have given the necessary formulas for jumps in composite material problems of two-dimensional linear elasticity and presented numerical results that confirm the second order convergence of the displacements in the maximum norm.
Convergence of the numerical method with respect to the contrast is worth separate study, as contrast may dominate over the errors done in approximation. Example 3 shows that this is relevant also in our situation. It would be necessary to understand contrast in which coefficients really determine the numerical behavior of the scheme.
Finally we have given an idea how virtual material design of effective elastic moduli may be executed using the EJIIM.
Appendix A: Jump conditions for discontinuous coefficients
The expressions for jumps are found first in local coordinates at the point where the interface intersects the grid. Then a coordinate transformation yields the jump conditions in (x, y) coordinates. In [7] the formulas for a simpler case, with continuous solution and normal stresses, were already reported. Here we extend the method to the general case of inhomogeneous jumps.
A.1 Local coordinates
At a point P lying on the interface we introduce the local coordinates (n, t) with n being the normal and t tangential vector in such a way that they form a right hand system Fig. 8 .
Then displacements in directions n and t are ξ and η respectively: ξ = u · n and η = u · t.
The stress tensor is expressed in the new coordinates: The normal in the local coordinates is simply (1, 0) T and thus we get from the interface conditions (3) and (4) by using (23)
[ξ ] =ū · n (24)
[η] =ū · t (25)
A.2 Jumps in Cartesian coordinates
In principle, we can derive jumps in the derivatives of arbitrary order by noting that d l [g(P)] = [d l g(P)] at some point P, with arclength parameter l. We need jumps in derivatives in the coordinate directions. Let θ = θ(l) as shown in Fig. 8 . To simplify notations we introduce s := sin(θ (l)) and c := cos(θ (l)). Then n = (c, s) and t = (−s, c).
The two jumps in the zeroth order derivatives are given by (3),
Four jumps in the first order derivatives need to be determined. Stress continuity (26, 27) gives immediately two relations, and two more relations we obtain by continuity of arclength derivatives ofū. After some calculations and use of the fact that γ p = γ + p + γ p − for some function p and coefficient γ we get the jumps in first order derivatives as solution of a system MJ 1 (P) = G To shorten the expressions we have introduced parameter β = 2μ + λ. Now six jumps in the second order derivatives need to be determined. Two relations are obtained by taking the second order arclength derivatives of the
